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In this student project, performed at the Pontificia Universidad Catolica de Chile in 2011, a
simple Lagrangian is proposed that by the choice of the representation of SU(2), gives rise to field
equations for arbitrary spin. In explicit examples it is shown, how the Klein-Gordon, the Dirac, and
the Proca equation can be obtained from this Lagrangian. On the same footing, field equations for
arbitrary spin are given. Finally, symmetries are discussed, the fields are quantized, their statistics
is deduced, Feynman rules are derived, and problems of the formulation are discussed.
I. INTRODUCTION
The program of formulating field equations for arbitrary spin was started by Dirac, Pauli, and Fierz [1, 2]. Since then
it has been investigated from various perspectives, leading to a big variety of possible formulations and applications
[3–36]. In parallel to the growing number of formulations, conditions such as external field interactions, subluminal
propagation, and curved background were studied that would allow to prefer some formulations and reject others [37–
45]. One tends to believe that a self consistent interacting Lagrangian for arbitrary spin, would be of great interest
to young students and researchers entering the particle physics community. However, due to their level of complexity
and mathematical abstraction such formulations gained less attention than one might have expected [46, 47]. Many of
the recent approaches to arbitrary spin can be categorized [48, 49] into the BRST type of approach and the geometric
approach. In order to keep the objective of accessibility and simplicity no such formal construction is intended in this
paper.
The aim of this summer project was to approach this complex topic in an independent and for young students tractable
way. This is done by introducing and exploring a simple toy Lagrangian for arbitrary spin. This ad hoc formulation
that was chosen since it is a straight forward generalization of the simplest relativistic field equation: the Klein-Gordon
equation.
The organization of this report is as follows: First, the Lagrangian is introduced in an abelian and in a non-abelian
gauge formulation. Second, it is explicitly shown how this Lagrangian gives rise to the Klein Gordon equation, the
Dirac equation, and the Proca equations. Then the general equations of motion are given in a form that is equivalent
to an already established formulation of the arbitrary spin equations. Third, symmetries and conserved quantities of
this Lagrangian are explored. Fourth, field quantization in this approach is discussed and a surprising statistics for
those quanta is found. Finally, Feynman rules are derived.
II. THE LAGRANGIAN
The starting point is a Lagrangian that has derivative terms of second order
Ls = (DµΩ)†Dµψ − igseΩ†HsµνFµνψ −m2Ω†ψ + c.c. . (1)
It contains interactions with an external gauge potential Aµ and the corresponding field strength tensor Fµν =
∂µAν − ∂νAµ. The covariant derivative is Dµ = ∂µ − ieAµ. The spin dependent g-factor gs is chosen such that it
accommodates the inverse proportionality that was found by [8, 50]
gs =
{
1 for s = 0
1
4s for s > 0
. (2)
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2Ω and ψ are matter fields of an a priory undefined spin and they are not necessarily independent. The linear operator
Hsµν is defined as
Hs0i = −Hsi0 = Σsi , Hsij = −
1
2
[Σsi ,Σ
s
j ] . (3)
The Σsi are hermitian (2s+ 1)⊗ (2s+ 1) matrices that fulfill the algebra[
Σsj ,Σ
s
k
]
= 2iǫjklΣ
s
l . (4)
Under Lorentz transformations the operator Hsµν does not change, while the fields transform according to
ψ′ = e
1
2
(−iαj−βj)Σsjψ , Ω′ = e
1
2
(−iαj+βj)ΣsjΩ . (5)
Here, αj is a rotation angle around the j axes and βj is a Lorentz boost along the j direction. From (5) one can read
off that that ψ lives in the (s, 0) representation of the Lorentz group, while Ω lives in the (0, s) representation.
For some applications, it is convenient to note that the 2s+1 compenent matter fields can be combinend to a 2(2s+1)
component matter field
Ψ(x) =
[
ψ(x)
Ω(x)
]
. (6)
One further defines (2(2s+ 1)) dimensional matrices
γ0 =
(
0 1
1 0
)
, γ5 =
(
1 0
0 -1
)
. (7)
This allows to define an adjoint field Ψ¯ = Ψ†γ0 and the operator P± = (1±γ5)/2 that projects Ψ back onto the fields
ψ and Ω. Doing this, the Lagrangian (1) may also be rewritten as
La. = D†µΨ¯DµΨ− igseΨ¯Hµν(s)FµνΨ−m2Ψ¯Ψ . (8)
In the same way, one may write the Lagrangian in with nonabelian gauge symmetry as
Ln.a. = D†µΨ¯DµΨ− igseΨ¯Hµν(s)F aµνTaΨ−m2Ψ¯Ψ . (9)
The covariant derivative has the form:
DµΨ = ∂µΨ− ieAaµ
(
Ta 0
0 Ta
)
Ψ , (10)
D†µΨ¯ = ∂µΨ¯ + ieA
a
µΨ¯
(
Ta 0
0 Ta
)
, (11)
and the field strength tensor is
F aµν = ∂µA
a
ν − ∂νAaµ + ieAbµAcνfabc . (12)
The Ta are the generators of the SU(N) gauge group and the f
a
bc are the structure constants of the same gauge group.
Note that the fields Ω and ψ (therefore also Ψ) have the same colour quantum numbers. In the Lagrangian (8) the
commutator of spin matrices Σj was redefined as:
Hµν(s) =
(
Hµν(s) 0
0 H ′µν(s)
)
. (13)
This matrix contains the definition
H ′s0i = −H ′si0 = −Σsi , H ′sij = −
1
2
[Σsi ,Σ
s
j ] . (14)
Please note that gravitational couplings are not considered. Since the consistent implementation of gravitational
interactions into Lagrangians with arbitrary spin seems to be hardly possible [37–45], it is expected that this kind of
problem will most probably also appear in our Lagrangian.
3III. FIELD EQUATIONS
In this section the action is used to derive field equations for the particular cases s = 0, 1/2 , 1. Finally, a field
equation for arbitrary spin is derived.
A. Spin zero
For fields without spin (s=0) the representation of SU(2) is
Σ0j = 0 , (15)
which implies H0µν = 0. This was possible due to the definition gs = 1, in the equation (2). The two fields are
independent and their equations of motion are complex Klein-Gordon equations
DµD
µψ +m2ψ = 0 , (16)
DµD
µΩ+m2Ω = 0 .
Please note that one might rotate the two fields ψ and Ω in the Lagrangian by π/2 and find that one of the resulting
fields is actually a ghost field. This observation will confirmed from a different and more general point of view when
the fields are quantized.
B. Spin one half
For spin one half one has s = 1/2, which is represented by the two dimensional Pauli matrices
Σ
1/2
j = σj . (17)
The fields Ω, ψ are spinors with two components. After using the definition (3)
H
1/2
0i = −H1/2i0 = σi , H1/2ij = −
1
2
[σi, σj ] , (18)
the Lagrangian reads
L1/2 = (DµΩ)†Dµψ −
i
2
eΩ†H1/2µν F
µνψ −m2Ω†ψ + c.c. . (19)
In order to rewrite this Lagrangian in a more familiar form one defines
D+ ≡ D0 + σjDj ≡ σ¯µDµ , (20)
D− ≡ D0 − σjDj ≡ σµDµ .
Due to the Clifford algebra of the Pauli matrices one has
σ¯µσν = gµν +H
1/2
µν , (21)
which allows to write the Lagrangian (19) as
L1/2 = m−1(D+Ω)†(D−ψ)−mΩ†ψ + c.c. . (22)
According to (5) the spin one half fields in this Lagrangian transform under Lorentz transformations like
ψ′ = e
1
2
(−iαj−βj)σjψ , Ω′ = e
1
2
(−iαj+βj)σjΩ . (23)
The above Lagrangian was proposed and discussed in 1958 by Brown [51] for the description of spin one half. Its
equivalence to the Dirac formulation can be shown at the level of the equations of motion. By varying (22) with
respect to the spinor fields one obtains two equations of motion
(D+D− +m2)ψ = 0 , (24)
(D−D+ +m2)Ω = 0 . (25)
4The first one of those equations is actually the Feynman-Gell-Mann equation [52] and the second is an anomalous
Feynman-Gell-Mann equation. Applying D− to the left hand side of (24) and D+ to the left hand side of (25) one
sees that the two fields are related. Instead, D−ψ obeys the same equation of motion as Ω and D+Ω obeys the same
equation of motion as ψ. In [51] it is shown how this fact and the condition of an hermitian Hamiltonian motivates
the field equations
iD+Ω = mψ, iD−ψ = mΩ . (26)
The two equations in (26) can be combined to a single equation for a four component spinor
(D0 − αiDi − βm)
(
ψ
Ω
)
= 0 , (27)
with
αi =
(
σi 0
0 −σi
)
, β =
(
0 1
1 0
)
. (28)
By multiplying this with β from the left hand side one obtains the conventional form of the Dirac equation for the
spinor Ψ = (ψ,Ω)
(iγµDµ −m)Ψ = 0 , (29)
where γµ = (β, βαi). This proves the close connection between the Dirac equation and the action (19). Please
note that the solutions of (29) are certainly also solutions of (24 and 25), but the inverse statement is however not
necessarily true since negative energy wave functions with (iγµDµ +m)Ψ = 0 would also solve (24 and 25).
C. Spin one
For s = 1 a three dimensional representation of the algebra (4) is needed. We choose the adjoint representation
(Σ1k)lm = 2iǫklm . (30)
For this representation the linear operator (Hsµν)mn reads
(H10k)mn = 2iǫkmn, (H
1
ij)lm = 2(δilδjm − δimδjl) , (31)
where the Latin indices run from one to three. The spin one Lagrangian is then
L1 = (DµΩ)†Dµψ − i
4
eΩ†H1µνF
µνψ −m2Ω†ψ + c.c. , (32)
where Ω = Ωk and ψ = ψk have three complex components. The equations of motion are
(DµD
µ +m2)ψm − ieF 0jǫjmnψn + ieFmnψn = 0 , (33)
(DµD
µ +m2)Ωm + ieF
0jǫjmnΩn + ieF
mnΩn = 0 . (34)
The six complex components ψk, Ωk can be expressed in terms of the six complex fields E˜k and B˜k by using the
transformation
ψk = B˜k + iE˜k , Ωk = B˜k − iE˜k ; B˜k = ψk +Ωk
2
, E˜k =
ψk − Ωk
2i
. (35)
A hint for interpreting those fields comes from their behavior under Lorentz transformations. By expanding (5) for
infinitesimal rotations αj and boosts βj , one sees that E˜ transforms like an electric field and that B˜ transforms like
a magnetic field
B˜′k ≈ B˜k + αjǫjklB˜l + βjǫjklE˜l , (36)
E˜′k ≈ E˜k + αjǫjklE˜l − βjǫjklB˜l .
5Please note that although they transform in the same way under Lorentz transformations, the fields introduced here
are not the external electric and magnetic fields (E˜k 6= Ek and B˜k 6= Bk). With (35) one can combine the equations
of motion for those fields
(33) + (34)
2
⇒ (DµDµ +m2)B˜m − ieF 0iǫimnE˜n + ieFmnB˜n = 0 , (37)
(33)− (34)
2i
⇒ (DµDµ +m2)E˜m + ieF 0iǫimnB˜n + ieFmnE˜n = 0 . (38)
Further simplification is achieved by defining
Goi = E˜i, Gij = ǫijkB˜k , (39)
where Gµν transforms like a tensor under Lorentz transformations. With this the equations of motion (37, 38) are
conveniently rewritten as
(DαDα +m
2)Gµν + ieFαµG
α
ν − ieFανGαµ = 0 . (40)
Please note that the tensor field Gµν is a priory not the field strength of a vector field. The equation (40) is however
the quadratic form of the interacting Proca equations [53]
DµG
µν = −m2φν , (41)
Gµν = Dµφν −Dνφµ , (42)
which can be obtained after inserting the first Proca equation (41) into the second Proca equation (42). Since equation
(41) is purely algebraical for the field φ, this replacement can be done without loss of generality. Thus, it has been
shown how the model can be matched to the intercating Proca equations.
D. Arbitrary spin
For arbitrary spin, the equations of motion of the Lagrangian (1) read
DµD
µψ + igseH
s
µνF
µνψ +m2ψ = 0 , (43)
DµD
µΩ + igseH
′s
µνF
µνΩ +m2Ω = 0 . (44)
Where the definition (14) was used.
The first equation (43) contains the 2s+ 1 component field ψ living in the (s, 0) representation of the Lorentz group.
In [10] it was shown that, this field equation is equivalent to the relativistic arbitrary spin equation for fields with
6s+ 1 components that live in the (s, 0)⊕ (s− 1/2, 1/2) representation.
The second equation (44) contains the 2s + 1 component field Ω living in the (0, s) representation of the Lorentz
group. It also was shown in [10] that equation (44) is equivalent to the relativistic arbitrary spin equation for fields
with 6s+1 components that live in the (0, s)⊕ (1/2, s− 1/2) representation. Note that this implies that, for the case
of spin 3/2 the equations of motion are expected to be different from the Rarita-Schwinger equations [54] which are
based on a (1, 1/2)⊕ (1/2, 1) representation of the Lorentz group.
The combined equations (43, 44) are equivalent to the parity doubled equations for arbitrary spin, which in the
formulation of [10] contain fields with 12s+2 components that live in the (s, 0)⊕ (s−1/2, 1/2)⊕ (0, s)⊕ (1/2, s−1/2)
representation of the Lorentz group. While the necessity for a parity doubling in [10] was considered a cumbersome
construction [46] it arises naturally for the given Lagrangian without the necessity of introducing abundant field
components [56]. Advantages of this formulation are that it allows to work with 2s+1 field components only (instead
of ≥ 6s+ 1) and that it includes the case of spin zero.
Note that the equations of motion for the ψ and Ω fields may be combined and equivalently written as single equation
for the field Ψ = (ψ,Ω)
DµD
µΨ+ igseHsµνFµνa T aΨ+m2Ψ = 0 . (45)
This equation of motion can also be derived directly from the Lagrangian (8).
6IV. SYMMETRIES AND CONSERVED QUANTITIES
In this section the potential of the given Lagrangian will be explored in the context of classical symmetries. We
explicitly discuss: The energy momentum tensor and probability current, global and local U(1) - SU(N) symmetries,
and symmetries between fields with different spin.
A. Energy momentum tensor
Performing a variation with respect to the coordinates, one obtains the energy momentum tensor. At this point, we
are not interested in the dynamics of the external gauge fields, so the energy momentum tensor is
Tµ
σ = ∂µΨ¯D
σΨ+D†σΨ¯∂µΨ− δσµ
(
D†αΨ¯D
αΨ− igseΨ¯Hαβ(s)F aαβTaΨ−m2Ψ¯Ψ
)
. (46)
We are also interested in the Hamiltonian density T 00 in the non interacting case, in order to perform below the
canonical quatization of fields. In the non interacting field theory, the energy momentum tensor and the Hamiltonian
become
T(n.i.)µ
σ = ∂µΨ¯∂
σΨ+ ∂σΨ¯∂µΨ− δσµ
(
∂αΨ¯∂
αΨ−m2Ψ¯Ψ) , (47)
H = 2∂0Ψ¯∂0Ψ−
(
∂αΨ¯∂
αΨ−m2Ψ¯Ψ) . (48)
B. Global and local symmetries
The Lagrangian (1) is invariant under a global phase transformation
ψ → eiΛψ, Ω→ eiΛΩ . (49)
The corresponding conserved current is
Jµ = −igΩ†(Dµψ) + ig(DµΩ)†ψ + c.c. . (50)
Using the equations of motion (43, 44) and the identity ∂µ(a · b) = (Dµa)b+ aD∗µb one confirmes that ∂µJµ = 0. For
the case of spin zero the expression (50) maintaines its original form. For the case of spin one half the expression (50)
can be rewritten by using the equation of motion (29) in the more familiar form Jµ1/2 = iΨ¯γ
µΨ. The current for spin
one is Jµ1 = −2iG∗αβDµGαβ + 2i(DµGαβ)∗Gαβ , which by using the equations of motion (40) can be shown to fulfill
∂µJ
µ = 0.
Invariance under local U(1) gauge transformations is given if the fields transform like
ψ → eieΛ(x)ψ , Ω→ eieΛ(x)Ω , Aµ → Aµ + ∂µΛ(x) . (51)
This construction can be extended to nonabelian SU(N) gauge groups with the generators T a and the gauge coupling
e by writing
ψ → eieΛa(x)Taψ ≈ (1+ieΛaT a)ψ , Ω→ eieΛ
a(x)TaΩ ≈ (1+ieΛaT a)Ω , Aaµ → Aaµ+∂µΛa(x)+ieAbµΛcfabc . (52)
Note the Lagrangian (8) allows local and global SU(N) gauge invariance. So we have a conseverd current associated to
it. Indeed, the Lagrangian (8) is invariant under this transformation since the spin dependent matrices Hµν(s) act on a
different space than the internal SU(N) generators Ta. Computing the conserved current asociated to this symmetry,
one finds
jµa = ie
(
(DµΩ)
†T aψ − Ω†T aDµψ
)
+ c.c. . (53)
The gauge transformation in the formulation with Ψ and Ψ¯ is
Ψ→
(
eieΛ
aTa 0
0 eigΛ
aTa
)
Ψ ≈
(
1 + ieΛaTa 0
0 1 + ieΛaTa
)
Ψ , (54)
Ψ¯→ Ψ¯
(
e−ieΛ
aTa 0
0 e−igΛ
aTa
)
≈ Ψ¯
(
1 − ieΛaTa 0
0 1 − ieΛaTa
)
. (55)
7Thus, for SU(N) the gauge current may be rewritten as
jµa = ig
(
(D†µΨ¯)
(
Ta 0
0 Ta
)
Ψ− Ψ¯
(
Ta 0
0 Ta
)
Dµψ
)
. (56)
C. Symmetries between fields with different spin
Since the same Lagrangian is suited for any value of the spin s, one is tempted to believe that it might also provide
a useful framework for symmetries between fields with different spin.
As a proof of concept we wish to write a spin-spin-symmetric Lagrangian for partners of spin zero and spin one half
by only using the given Lagrangian form. In order to get rid of the spin one field Aµ we switch off the interactions
with external spin one fields by setting e = 0. Given the number of degrees of freedom one can construct a toy model
of two spin zero parts (fields labeled with “a” and “b” respectively) and one spin one half part. For convenience the
spin zero parts of the Lagrangian will be written in the notation (8), while the spin one half part will be written in
the notation (1)
L = L0(Φa) + L0(Φb) + L1/2(ψ,Ω) (57)
= (∂µΦ¯a∂
µΦa −m2Φ¯aΦa) + (∂µΦ¯b∂µΦb −m2Φ¯bΦb) + (∂µΩ†∂µψ −m2Ω†ψ + c.c) .
This mix of notations has the advantage that both, the scalar fields (Φa, Φb) and the spinor fields (Ω, ψ) are two
component objects. Since they all have two components one can write down transformations that mix the fields:
Φ′a = Φa + αaψ , Φ
′
b = Φb + αbΩ , (58)
Ω′ = Ω− αaγ0Φa , ψ′ = ψ − αbγ0Φb ,
where αa and αb are the infinitesimal real numbered transformation parameters and γ
0 = σ1. Please note that
“a” and “b” are no summation indices here, they only allow two distinguish different fields. Even though those
transformations mix bosonic and fermionic fields, they still leave the free Lagrangian (57) invariant, making (58) a
valid supersymmetry transformation. The two conserved currents for the symmetry transformation (58) are
jµa = −Φ¯a
↔
∂
µ
ψ + c.c. , jµb = −Φ¯b
↔
∂
µ
Ω + c.c. . (59)
By using the equations of motion one can check that the currents (59) are conserved as long as the masses of the fields
are equal. An unexpected feature of this Lagrangian is that in contrast to the free Wess- Zumino Lagrangian, both
scalar fields have a kinetic term. However, we have already seen that s = 0 contains a ghost fields whose kinetic term
could be canceled by imposing an additional constraint. If one does this, the difference with respect to the Wess-
Zumino Lagrangian disappears.
The formalism (57, 58) relates the s = 0 fields Φa and Φb to the s
′ = 1/2 fields ψ, Ω. Since H(0) = 0 it can not be
generalized in a straight forward way to the interacting case. The same formalism also works for fields Φa and Φb
with arbitrary spin s in the 2(2s+1) dimensional representation. The corresponding partner fields ψ, Ω in the 2s′+1
dimensional representation have the spin
s′ = 2s+
1
2
. (60)
One sees that s′ is always half integer valued, independent of the spin value of s. Thus while the above example
(s = 0, s′ = 1/2) looks similar to supersymmetry, the following spin pair (s = 1/2, s′ = 3/2) involves only fields of
half integer spin. A possible symmetry between fermionic fields of different spin is a feature which this formulation
shares with the much more general formulation [31, 48].
Although this symmetry has nice features in the free particle case, a straight forward generalization to the interacting
case with a fixed external field Aµ seems to be doubtful. For a given representation of s > 0 with Hsµν of the type (13),
imposing a cancellation with the corresponding terms ∼ H2s+1/2µν in the representation (31) leads to the condition
H ′sµν = −Hsµν . (61)
Thus, by virtue of the definitions (3, 14), this symmetry will always be broken in the presence of an external magnetic
field Bk = 1/2ǫijkFij . Whether this breaking can be cured by a simultaneous transformation of the external field
remains to be seen.
8V. A QUANTUM FIELD THEROY
It will be shown that the model can be used to exemplify various fundamental topics of quantum field theory like:
Field quantization in connection with the spin statistics theorem and the derivation of Feynman rules.
A. Quantization
For convenience the quantization of the free fields will be carried out with the Lagrangian (8). The canonical momenta
of this Lagrangian are
Π =
∂L
∂Ψ˙
= ˙¯Ψ; Π¯ =
∂L
∂ ˙¯Ψ
= Ψ˙ (62)
and their quantization dictates the following (anti-)commutation relations. At this point one can not know whether
commutation or anti-commutation applies, so one has to leave open both possibilities by assigning a − or a + to the
bracket
[Ψ(x),Π(x′)]± = iδ
3(x− x′) , (63)[
Π¯(x), Ψ¯(x′)
]
± = −iδ3(x − x′) .
The fields can be expanded in terms of Fourier components fk(x) = e
−ikx/
√
(2π)32ωk, momentum space field opera-
tors aσ(k), bσ(k), and normalized momentum space solutions uσ(k), νσ(k):
Ψ(x) =
∫
d3k
1√
(2π)32ωk
∑
σ
(uσ(k)fk(x)aσ(k) + νσ(k)f
∗
k (x)b
†
σ(k)) , (64)
Ψ¯(x) =
∫
d3k
1√
(2π)32ωk
∑
σ
(u¯σ(k)f
∗
k (x)a
†
σ(k) + ν¯σ(k)fk(x)bσ(k)) .
The momentum space free field solutions uσ, νσ are normalized to the absolute value of one, but at this point it will
be left open which sign this normalization is supposed to carry. This sign ambiguity is parameterized by introducing
nu and nν which can be either zero or one
u¯σ(k)uσ′ (k) = (−1)nuδσσ′ , ν¯σ(k)νσ′ (k) = (−1)nνδσσ′ . (65)
In order to find the (anti)-commutation relations for the field operators, the Fourier expansion (64) has to be inverted.
By using the orthonormality relations∫
d3xf∗k (i
↔
∂ 0)fk′ = δ
3(k − k′),
∫
d3xfk(i
↔
∂ 0)f
∗
k′ = −δ3(k − k′) , (66)
one finds
aσ(k) = (−1)nu
∫
d3x
√
(2π)32ωku¯σf
∗
k (x)(i
↔
∂ 0)Ψ(x) , (67)
a†σ(k) = (−1)nu
∫
d3x
√
(2π)32ωk¯Ψ(x)(i
↔
∂ 0)fk(x)uσ(k) ,
bσ(k) = −(−1)nν
∫
d3x
√
(2π)32ωk¯Ψ(x)(i
↔
∂ 0)f
∗
k (x)νσ(k) ,
b†σ(k) = −(−1)nν
∫
d3x
√
(2π)32ωkν¯σfk(x)(i
↔
∂ 0)Ψ(x) .
Using (63, 66, and 67) one deduces the (anti)-commutation relations for the momentum space field operators[
a(p, σ), a†(p′, σ′)
]
± = (−1)nu(2π)32k0δ3(p− p′)δσσ′ , (68)[
b†(p, σ), b(p′, σ′)
]
± = −(−1)nν (2π)32k0δ3(p− p′)δσσ′ .
9Now the free field Hamiltonian will be derived. The free field Hamiltonian density for (8) reads
H = ΠΨ˙ + ˙¯ΨΠ¯− L = (∂0Ψ¯)(∂0Ψ) + (∂iΨ¯)(∂iΨ) +m2Ψ¯Ψ . (69)
In terms of the momentum space operators this Hamiltonian is
H =
∫
d3x H =
∫
d3k
k20 + k
2
i +m
2
4(2π)3ω2k
((−1)nua†σ(k)aσ(k) + (−1)nν bσ(k)b†σ(k)) . (70)
In order to have a finite normal ordered expression one has to use bb† = ∓b†b ± [b†, b]±, dropping the infinite
contribution from the (anti)-commutator leads to
: H :=
∫
d3k
k20 + k
2
i +m
2
4(2π)3ω2k
((−1)nua†σ(k)aσ(k)∓ (−1)nν b†σ(k)bσ) . (71)
Imposing a positivity condition on the normal ordered Hamiltonian (71) allows to determine the sign of the wave
function normalization in terms of the statistics
nu = 0 and nν =
{
1 for Fermi statistics
0 for Bose statistics
. (72)
Thus, one has on the one hand for any statistics u¯σ(k)uσ′(k) = δσσ′ and on the other hand ν¯σ(k)νσ′ (k) = δσσ′
for boson-statistics and ν¯σ(k)νσ′ (k) = −δσσ′ for fermion-statistics. Note that this result also allows to write the
(anti)-commutation relations for the momentum space operators (68) in their familiar and form which turns out to
be independent of the normalizations nν and nu[
a(p, σ), a†(p′, σ′)
]
± = (2π)
32k0δ
3(p− p′)δσσ′ , (73)[
b(p, σ), b†(p′, σ′)
]
± = (2π)
32k0δ
3(p− p′)δσσ′ .
B. Statistics
Given the connection between normalization and statistics (72), the key for finding the relation between spin and
statistics in this model lies in finding the relation between spin and normalization: The possible values of the nor-
malizations u¯σuσ′ and ν¯σνσ′ are determined by the 2(2s + 1) eigenvalues of the matrix γ0. By diagonalizing this
matrix as it is defined in (7) one finds that it has 2s + 1 eigenvalues eui = 1 and 2s + 1 eigenvalues eνi = −1. A
proof of this normalization is given in the appendix VIIA. According to the definition of the normalization (65) those
eigenvalues dictate nu = 0 and nν = 1 independent of the spin s. Thus, finally due to (72) one has no other choice
than to conclude that all fields of the Lagrangian (1) obey anti-commuting Fermi statistics, no matter which spin s
they carry. For the sake of completeness we perform a number of consistency checks on this result:
• The charge of a Dirac field is proportional to Ψ†Ψ which can be checked for the arbitrary spin fields at the level
of quantization
QD =
∫
d3x : Ψ†(x)Ψ(x) :=
∫
d3k
1
32π3
1
ωkm
∑
σ
(a†σ(k)aσ(k)∓ b†σ(k)bσ(k)) , (74)
where u†σ(k)uσ′(k) = δσσ′ωk/m and ν
†
σ(k)νσ′ (k) = δσσ′ωk/m has been used and where the upper sign refers to
anti-commutation and the lower sign refers to commutation relations. Asking for the existence of positive and
negative charges one observes that only anti-commutation relations can provide a physically acceptable result.
Thus, also the possible existence of electrical charge for this model dictates anti-commutation relations.
• An important result from the previous section is the conserved current (50) that is following from the U(1)
symmetry of the Lagrangian. This current gives rise to a conserved charge
QN =:
∫
d3xΨ¯i
↔
∂0Ψ : . (75)
Using the (anti)-commuting quantization rules one obtains
QN =
∫
d3x
1
16π3
1
ωk
∑
σ
(a†σ(k)aσ(k)∓ b†σ(k)bσ(k)) . (76)
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The only way to allow for negative charges is by picking the upper sign, which corresponds to anti-commuting
field operators. Thus, also the possible existence of electrical charge for this model dictates anti-commutation
relations.
• In order to check whether the creation and annihilation operators have been assigned correctly one probes that
[x, : H :] = ωx
{
ω > 0 for x being annihilation operator
ω < 0 for x being creation operator
. (77)
Performing this check for example for b†σ one finds
[b†σ(k), : H :] = ±(−1)nν
1
2
(k20 + k
2
i +m
2)b†σ(k) . (78)
Comparing this with (77) one finds that the result (72) is confirmed. This means that the creation and annihi-
lation operators are assigned correctly.
• The ingredient of the usual spin-statistics theorem that remains to be checked is causality. Causality can be
studied by revising whether the expression 〈0| [Ψa(x), Ψ¯b(y)]± |0〉 vanishes for spacelike separations. Using the
relations (73) one finds
〈0| [Ψa(x), Ψ¯b(y)]± |0〉 =
∫
d3k
∑
σ
1
(2π)32ωk
(
uσ,a(k)u¯σ,b(k)e
−ik(x−y) ± ν¯σ,b(k)νσ,a(k)eik(x−y)
)
. (79)
For representations that fulfill the Clifford algebra (127) one can simplify this expression by using (128 and 129)
〈0| [Ψa(x), Ψ¯b(y)]± |0〉 = Aab(∂)
∫
d3k
1
(2π)32ωk
(
e−ik(x−y) ∓ eik(x−y)
)
, (80)
where Aab(∂) is a matrix valued derivative operator. One sees that for space-like separations (x − y)2 < 0 this
expression only vanishes for the upper sign and is non-zero for the lower sign. For a more general case that
also includes (132, 133) the situation is more complicated and we restrict to the calculation of the trace of the
expression (79). By using
∑
σ,a u¯σ,auσ,a = 2s+ 1 and
∑
σ,a ν¯σ,aνσ,a = −2s− 1 one finds
∑
a
〈0| [Ψa(x), Ψ¯a(y)]± |0〉 =
∫
d3k
2s+ 1
(2π)32ωk
(
e−ik(x−y) ∓ eik(x−y)
)
. (81)
Again, one sees that for space-like separations this expression only vanishes for the upper sign and is non-zero
for the lower sign. Thus, also the causality condition dictates anti-commutation relations for any spin.
Thus, performing a careful quantization and normalization procedure it has been shown that a Lagrangian of the type
(1) can only contain fields that obey anti-commutation relations, independent of the actual spin of those fields. Since
this is in contradiction to the spin-statistics theorem for physical fields, it implies that the spin 0, 1, . . . fields in this
theory are necessarily ghost fields. However, one would tend to call them “good” ghosts since they do not give rise
to a negative Hamiltonian density. Whether those ghost fields with spin greater than zero proof to be as useful as for
example the spin zero Fadeev-Popov ghosts remains to be seen.
C. Feynman rules and Issues
In order to derive the Feynman rules for the theory and to be consistent with a theory with full particle content one
has to add a dynamic term for the gauge field, and a gauge fixing term plus Fadeev Popov ghost terms. Nevertheless,
we are interested in the interactions of Ψ and Ψ¯, and gauge fixing and ghosts are not interacting directly with our
fields, so we put their Feynman rules just for sake of completeness. When computing the Feynman rules directly
from a path integral formulation one has to add Grassmann numbers as sources for Ψ and Ψ¯ in the effective action.
Remember that Ψ and Ψ¯ obey anti-commutative relations only. Thus, the generating functional may be written as
Z [λ¯, λ, . . . ] = ∫ DΨ¯DΨD¯ADη∗Dη exp(i ∫ d4x{Ln.a. − 1
4
F aµνF
µν
a −
1
2ξ
(∂µA
µ
a)
2 − ∂µη∗a(∂µηa + efabcηbAµc)+
+ λ¯Ψ+ Ψ¯λ+ S
})
, (82)
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where Ln.a. is the Lagrangian (8) and S are the sources for gauge and Fadeev-Popov ghosts fields η. The dots in
Z [λ¯, λ, . . . ] label the other sources included in S. The generating functional may be also written as
Z [λ¯, λ, . . . ] = exp(i ∫ LI
(
δ
δλ¯
,
δ
δλ
, . . .
))
Z0 (83)
Z0 =
∫
DΨ¯DΨD¯ADη∗Dη exp
(
i
∫
d4x
{
L0(Ψ¯,Ψ)− 1
4
(∂µA
a
ν − ∂µAaν)(∂µAνa − ∂µAνa)
− 1
2ξ
(∂µA
µ
a)
2 − ∂µη∗a∂µηa + λ¯Ψ+ Ψ¯λ+ S
})
, (84)
where L0 is the non interacting Lagrangian for Ψ and Ψ¯. All the interactions are kept in the LI term
LI = ieΨ¯AaµTa∂µΨ− ie∂µΨ¯AaµTaΨ− igseΨ¯Hµν(s)F aµνTaΨ−
1
4
〈AAA+AAAA〉 − 〈ηηA〉 , (85)
where the quantities in brackets are cubic and quartic interactions of Aaµ fields and the Fadeeev-Popov ghost gauge
field vertex, as used in a conventional Yang Mills action. The Feynman rules are derived from
W [λ¯, λ, . . . ] = −i ln (Z [λ¯, λ, . . . ]) , (86)
whose functional derivatives with respect to the sources give rise to the connected Green functions. Once the La-
grangian is split into non interacting and interacting parts, non interactions will give rise propagators and interacting
parts will give rise to vertices. Propagators are shown in figure 1 and vertices are shown in figure 2. Note that, for
Ψ :
p
= −ip2−m2
Aaµ :
p
= iδabp2+iǫ
(
−gµν + (1− ξ)pµpνp2
)
µ, a ν, b
p
a b
= iδabp2+iǫ
F.P.
FIG. 1: Propagators for the Full Lagrangian
Ψi
Ψ¯j
p
r
s
µ, a, s
= ie
(
[p− r]µ + 2gsHµνij sν
)
T a
Ψi
Ψ¯j
µ, a
ν, b
= −gseHµνij f abcT c
FIG. 2: Interactions for Ψ, Ψ¯ fields. All the particles
left to the interaction vertex are incoming and all the
particles right to the interaction vertex are outgoing.
particles with integer spin, propagators serve just as an internal line. This is a consequence of anomalous relation
between spin and statistics of the Ψ fields for integer spin. Half integer fields may, however, appear as internal and
external lines. Another interesting feature of this formulation is that the propagators of Ψ, and Ψ¯ are of the Klein
Gordon type which means that they do not carry any spin dependence. Still, the spin dependence in this formulation
appears in the interaction term ∼ Hµν . For the case of spin one half it remains to be investigated in a beyond tree level
calculation, whether this leads to some measurable difference with respect to the Dirac action. A further peculiarity
of those Feynman rules is that the quartic interaction is antisymmetric under the interchange of µ and ν indices, and
it is also antisymmetric under the interchange of a and b indices, so permuting gauge fields does not change the sign
of the vertex. The interchange of fields Ψ¯ and Ψ does not affect the global sign of the coupling. Note that this applies
to the cubic interaction too. Feynman rules of interactions of Ψ and Ψ¯ have spin dependence only given in the Hµν
matrix. For sake of completeness, Feynman rules for gauge and Fadeev-Popov ghosts are derived and they are shown
in figure 3. The simplicity of the toy Lagrangian (1) has its price.
• As it has been seen from the quantization section (VB) the bosonic fields are obliged to be ghost fields due to
their anti-commuting statistics.
12
= ief abc [(r − q)λgµν+
a, λ
p
q
b, µ
r
c, ν
b, λ
c, µ
d, ν
e, ρ
p
q
r
s
= −ie [fabcfade(gλνgµρ − gµνgλρ)+
+(q − p)νgλµ+
+(p− r)µgνλ]
+fadcfabe(gνλgµρ − gµλgνρ)+
+fabdface(gλµgνρ − gµνgλρ)]
p+ q + r = 0
p + q + r + s = 0
a
b
p
q
r
c, µ
= efabcpµ
r + q − p = 0
FIG. 3: Interactions for Aaµ and η fields. Here the convention is that all the particles are incoming.
• One would have to perform further checks of the type of [37–39] in order to see whether the coupling to external
gauge fields leads to inconsistencies. Even if there are no further problems with the coupling to standard gauge
fields, the coupling of this model to gravity will most certainly lead to the type of inconsistencies described in
[43] [57].
• If one restricts to equations involving field strengths or “minimal fields” the much more general formulation of
[15, 16, 18] also takes an extremely simple form (after eliminating the auxiliary fields). However, when going
beyond tree level, such reduced formulations (like the one presented here), are expected to lead to further
problems with ghost fields at the loop level [58].
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VI. CONCLUSIONS
We report on an extended student project where a generic Lagrangian (1) and a generic Lorentz transformation (5)
is investigated (similar to previous studies [55]). This Lagrangian allows to obtain the Klein-Gordon equation, the
Dirac equation, and the Proca equations as special cases. The choice of which theory one wants to get is done by
fixing a linear operator (3) to a special representation of SU(2) and by identifying the fields Ω and ψ according to
this choice. It is found that for arbitrary spin s > 0, the resulting equations of motion are identical to the equations
derived in [10]. The main advantage of the Lagrangian (1) is its simple form which allows to introduce and to study
simultaneously field equations and fundamental quantum field theoretical concepts for various spin without overly
heavy or abstract mathematical constructions.
In the discussion, various aspects of the model are explored: Local and global symmetries of the Lagrangian are
discussed and the conserved currents are calculated. After this, the model is used in order to construct a simple
Lagrangian which is invariant under transformations between spin zero fields Ψa, Ψv and spin one half partner fields
(ψ, Ω). It is also shown that this symmetry between free fields of different spin can be generalized to a symmetry
between spin s fields Ψa, Ψb and spin 2s+ 1/2 partner fields ψ, Ω.
Then, quantization in the free field case is reviewed. The discussion reveals that all fields, that are described by this
Lagrangian have to obey Fermi statistics[
a(p, σ), a†(p′, σ′)
]
+
= (2π)32k0δ
3(p− p′)δσσ′ , (87)[
b(p, σ), b†(p′, σ′)
]
+
= (2π)32k0δ
3(p− p′)δσσ′ .
This holds of course also for the spin zero and spin one fields discussed before. Thus, even though the equations
of motion of this Lagrangian for the case of spin zero and spin one are the familiar ones, the quantized Lagrangian
is fundamentally different. After performing a number of consistency checks we conclude, by the virtue of the
spin-statistics theorem, that in this Lagrangian the fields with spin 0, 1, 2, . . . are necessarily ghost fields. On the
other hand, this proof also shows that physical fermionic fields are well described within this model. Finally, based
on this consistent quantization, the Feynman rules for the matter fields with arbitrary spin are written down and
further issues are pointed out [59].
Many thanks to M.A. Diaz, M. Ban˜ados, C. Valenzuela, and the Atlas-Andino group for valuable hints and discussions.
The work of B. K. was supported by CONICYT project PBCTNRO PSD-73 and FONDECYT project 1120360. The
work of N. R. was supported by CONICYT scholarship.
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VII. APPENDIX
A. Proof of the field normalization
For all j, k : −s . . . s, we seek to solve a system of equations that contains
ν¯jνk = ±δjk, (88)
u¯juk = δjk (89)
u†jνk = 0 (90)
ν†juk = 0 (91)
u¯jνk = 0 (92)
ν¯juk = 0 . (93)
The positive quantities u†juk and ν
†
jνk are possibly dependent on their Lorentz frame. We assume that they agree in
the rest frame with the absolute value of the corresponding Lorentz invariant quantities
u†juk|rest = δjk (94)
ν†j νk|rest = δjk . (95)
The 8(2s+ 1)2 equations (88-95) allow to determine the complex “vectors” uj = (auj ; buj) and ν = (aνj ; bνj), where
the auj , buj , aνj , bνj have 2s+ 1 complex components and uj , νj have 2(2s+ 1) complex components.
Without loss of generality one can make the choice
ν1 = (aν1, 0, . . . ; bν1, 0, . . . ), ν2 = (0, aν2, . . . ; 0, bν2, . . . ), . . . (96)
u1 = (au1, 0, . . . ; bu1, 0, . . . ), u2 = (0, au2, . . . ; 0, bu2, . . . ), . . . (97)
one observes that now most of the 8(2s+1)2 equations (88-95) are solved, leaving us with only eight diagonal equations
j = k for revery single spin state j.
ν¯jνj = ±1, (98)
u¯juj = 1 (99)
u†jνj = 0 (100)
ν†juj = 0 (101)
u¯jνj = 0 (102)
ν¯juj = 0 (103)
u†juj |rest = 1 (104)
ν†j νj |rest = 1 . (105)
This system has no solution for ν¯jνj = +1. In contrast it is solvable for ν¯jνj = −1 giving
ν1 =
1√
2
(−1, 0, . . . ; 1, 0, . . . ), ν2 = 1√2 (0,−1, . . . ; 0, 1, . . . ), . . . (106)
u1 =
1√
2
(1, 0, . . . ; 1, 0, . . . ), u2 =
1√
2
(0, 1, . . . ; 0, 1, . . . ), . . . (107)
The result holds in the rest frame. Since a Lorentz boost can not change the sign of a normalization and since ν¯jνj is
Lorentz invariant, it holds in any Lorentz frame. This proves that ν¯jνk = −δjk is the only possible field normalization.
B. Completeness relations for u and ν
As one can note also in the section VA these spinors are normalized respect to the adjoint spinors u¯ and v¯ in any
reference frame. Nevertheless, they are normalized with the respective hermitian transpose just in the restframe. This
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is because we want to measure a positive definite probability density in the particle restframe. Combining these two
facts, one has in the particle restframe:
u¯σuσ = 1 (108)
u†σ(0)uσ(0) = 1 = u¯σuσ (109)
ν¯σνσ = −1 (110)
ν†σ(0)νσ(0) = 1 = ν¯σνσ (111)
Note that the sum convention is used in equations (108) and (110), for spinor index σ. Using the definition of the
adjoint spinors u¯σ = u
†
σγ0 and v¯σ = v
†
σγ0, one can split above equations
u†σ(0)(γ0 − 1 )uσ(0) = 0 (112)
ν†σ(0)(γ0 + 1 )νσ(0) = 0 . (113)
Now, the spinor basis for u and v is chosen such they are eigenvectors of γ0 with ±1 eigenvalues respectively. This
implies that
(γ0 − 1 )uσ = 0 (114)
u†σ(γ0 − 1 ) = u¯σ(1 − γ0) = 0⇒
uσu¯σγ0 = uσu¯σ (115)
γ0uσu¯σ = uσu¯σ ⇒ (116)
uσu¯σγ0 = γ0uσu¯σ = uσu¯σ (117)
That means in the particle restframe, the projector uσu¯σ, commute with γ0, in other words it can be only a linear
combination of γ0 and the identity into this frame. So, one gets the ansatz
uσu¯σ = Aγ0 +B1
uσu¯σuσ = uσ = Aγ0uσ +Buσ = (A+B)uσ ⇒
(A+B) = 1 (118)
By other hand, one gets:
uσu¯σuσu¯σ = (Aγ0 +B1 )
2 = uσu¯σ = (Aγ0 +B1 )⇒ (119)
A2 +B2 = B
2AB = A (120)
So one have a system of two equations plus an identity, which is fullfilled by A = B = 1/2. So one gets in the
restframe:
uσ(0)u¯σ(0) =
1
2
(γ0 + 1 ) (121)
vσ(0)v¯σ(0) =
1
2
(γ0 − 1 ) (122)
(123)
Finally, in order to generalize relation to any frame with 3-momentum pk and energy E, one has to perform a Lorentz
boost. It is easy to see that from the equations below that a Lorentz boost over uσ and u¯σ spinors is given by
uσ(p) =
(
exp 12βkΣ
k 0
0 exp −12 βkΣ
k
)
uσ(0) (124)
u¯σ(p) = u¯σ(0)
(
exp −12 βkΣ
k 0
0 exp 12βkΣ
k
)
(125)
and they are a generalization for the equations (5) for ψ, Ω spinors. Thus
uσ(p)u¯σ(p) =
(
exp 12βkΣ
k 0
0 exp −12 βkΣ
k
)
uσ(0)u¯σ(0)
(
exp −12 βkΣ
k 0
0 exp 12βkΣ
k
)
=
1
2
{(
exp(12βkΣ
k) exp(−12 βlΣ
l) 0
0 exp(−12 βkΣ
k) exp(12βlΣ
l)
)
+
(
0 exp(12βkΣ
k) exp(12βlΣ
l)
exp(−12 βkΣ
k) exp(−12 βlΣ
l) 0
)}
(126)
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The way how this expression can be further simplified depends on the choice of the representation Σi. Therefore we
give the explicit form for the cases discussed in this paper.
• If the representation Σi fulfills a Clifford algebra
{Σi,Σj} = 2δij1 , (127)
like it is the case for spin Σi = σi. One finds with βi = βni
uσ(p)u¯σ(p) =
1
2
{(
1 0
0 1
)
+
(
0 1 cosh(β) + niσ
i sinh(β)
1 cosh(β)− niσi sinh(β) 0
)}
(128)
and
νσ(p)ν¯σ(p) =
−1
2
{(
1 0
0 1
)
−
(
0 1 cosh(β) + niσ
i sinh(β)
1 cosh(β) − niσi sinh(β) 0
)}
(129)
• For the adjoint representation iǫklm, which is used for spin one the corresponding algebra is
{iǫi, iǫj}km = 2δij1 km − δimδjk − δikδjm . (130)
This implies that the exponential can be expanded as
exp(iθnjǫj)km = 1 km cosh(θ) + injǫjkm sinh(θ) + nknm(1− cosh(θ)) . (131)
With this the completeness relations for spin one read
uσ(p)u¯σ(p)|s=1 = 1
2
{(
1 0
0 1
)
(132)
+
(
0 1 km cosh(β) + injǫjkm sinh(β)− 2nknm sinh2(β/2)
1 km cosh(β) − injǫjkm sinh(β) − 2nknm sinh2(β/2) 0
)}
and
νσ(p)ν¯σ(p)|s=1 = 1
2
{(
1 0
0 1
)
(133)
−
(
0 1 km cosh(β) + injǫjkm sinh(β)− 2nknm sinh2(β/2)
1 km cosh(β) − injǫjkm sinh(β) − 2nknm sinh2(β/2) 0
)}
The relations (132, 133) contain an extra term ∼ nknm which potentially causes problems when causal prop-
agation is studied. Whether those problems can be solved or whether they are related to the known causality
problems in spin one field equations [38] remains to be seen.
The completeness relations (128, 129) are used when studying causality in the section VA.
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